Abstract. Let p be a prime number, let F p be a finite field, and let F (x, y) = ax 2 + bxy + cy 2 be the indefinite binary quadratic form of discriminant Δ. Let C : x 3 + ax 2 + bx + c ≡ 0(mod p) and E : y 2 = ax 3 + bx 2 + cx be the corresponding cubic congruence and elliptic curve over F p , respectively. In the first section we give some preliminaries form binary quadratic forms, cubic congruences and elliptic curves. In the second section we consider the number of integer solutions of cubic congruence C : x 3 + ax 2 + bx + c ≡ 0(mod 41) for every quadratic form in the proper cycle of F = (a, b, c) = (1, 5, −4) of discriminant Δ = 41. In the third section, we consider the number of rational points on elliptic curves E : y 2 = ax 3 + bx 2 + cx over a finite field F 41 for every quadratic form in the proper cycle of F .
Introduction.
A real binary quadratic form (or just a form) F is a polynomial in two variables x and y of the type F = F (x, y) = ax 2 + bxy + cy 2 with real coefficients a, b, c. We denote F briefly by F = (a, b, c). The discriminant of F is defined by the formula b 2 − 4ac and is denoted by Δ = Δ(F ). This definition is a group action of GL(2, Z) on the set of forms. Two forms F and G are called equivalent if there exists a g ∈ GL(2, Z) such that gF = G. If detg = 1, then F and G are called properly equivalent (for further details on binary quadratic forms see [3, 4, 6] ). Let ρ(F ) denotes the normalization (it means that replacing F by its normalization, for further details see [3, p. 88]) of (c, −b, a). To be more explicit, we set ρ(F ) = (c, −b + 2cs, cs 2 − bs + a), where
Note that, if F is reduced, then ρ(F ) is also reduced by definition. In fact, ρ is a permutation of the set of all reduced indefinite forms. Now consider the following transformation
Then F and τ (F ) are equivalent, but not necessarily properly equivalent. The cycle of F is the sequence ((τρ) i (G)) for i ∈ Z, where G = (k, l, m) is a reduced form with k > 0 which is equivalent to F . Similarly, the proper cycle of F is the sequence (ρ i (G)) for i ∈ Z, where G is a reduced form which is properly equivalent to F . The cycle and the proper cycle of F are invariants of the equivalence class of F . We represent the cycle or proper cycle of F by its period
We explain how the compute the cycle and proper cycle of F by the following Lemma.
of length 2l if l is odd, and is
of length l if l is even. In this case the equivalence class of F is the disjoint union of the proper equivalence class of F and the proper equivalence class of τ (F ).
In 1896, Voronoi [15] presented his algorithm for computing a system of fundamental units of a cubic number field. His technique, described in terms of binary quadratic forms. Later his technique was restarted in the language of multiplicative lattices by Delone and Faddeev [5] . Buchmann [2] generalized the Voronoi's algorithm. Recall that a cubic congruence over a field F p is
where u, v, w ∈ F p and p is prime. Solutions of cubic congruence (including cubic residues) was considered by many authors (see [9, 11, 13, 18] ).
The history of elliptic curves is a long one, and exciting applications for elliptic curves continue to be discovered. Recently, important and useful applications of elliptic curves have been found for cryptography [7, 10, 16] , for factoring large integers [8] , and for primality proving [1] . The mathematical theory of elliptic curves was also crucial in the proof of Fermat's Last Theorem [17] . Recall that an elliptic curve E over a field F p is defined by an equation
where a, b, c ∈ F p . We can view an elliptic curve E as a curve in projective plane P 2 , with a homogeneous equation y 2 z = ax 3 + bx 2 z 2 + cxz 3 , and one point at infinity, namely (0, 1, 0). This point ∞ is the point where all vertical lines meet. We denote this point by O. The set of rational points
on E is a subgroup of E. The order of E(F p ) is defined as the number of the points on E and is denoted by #E(F p ) (for further details on arithmetic of elliptic curves see [12, 16] ).
Indefinite Binary Quadratic Forms and Cubic Congruences.
In [14] , we consider cubic congruence C :
, where k is any integer such that 1 ≤ k ≤ 9.
In the present paper we consider the same problem for indefinite quadratic form F (x, y) = x 2 + 5xy − 4y 2 of discriminant Δ = 41. We first determine the proper cycle of F , and then we consider the number of integer solutions of cubic congruences
of length 5, and the proper cycle of F is 
Therefore the cycle of F is completed and is
Proof. Let F = F 0 = (1, 5, −4). Then the cubic congruence C 0 : x 3 + x 2 + 5x − 4 ≡ 0(mod 41) has three solutions x = 16, 32, 33. In fact one can obtain the following table:
This completes the proof.
Indefinite Binary Quadratic Forms and Elliptic Curves.
In the previous section, we consider the proper cycle of F = (1, 5, −4). We proved that the proper cycle of F is 5, 1 ) of length 10. In this section we consider the number of rational points on elliptic curves
in the above proper cycle of F . Then we have the following theorem. 
⇔ x ≡ 0(mod 41) and
Hence we have x = 0. After some trial and error we see that the quadratic congruence and ∞, we get total 40 + 2 + 1 = 43 rational points on E i .
